Abstract. Let X be a smooth Mori dream space of dimension ≥ 4. We show that, if X satisfies a suitable GIT condition which we call small unstable locus, then every smooth ample divisor Y of X is also a Mori dream space. Moreover, the restriction map identifies the Néron-Severi spaces of X and Y , and under this identification every Mori chamber of Y is a union of some Mori chambers of X, and the nef cone of Y is the same as the nef cone of X. This Lefschetz-type theorem enables one to construct many examples of Mori dream spaces by taking "Mori dream hypersurfaces" of an ambient Mori dream space, provided that it satisfies the GIT condition. To facilitate this, we then show that the GIT condition is stable under taking products and taking the projective bundle of the direct sum of at least three line bundles, and in the case when X is toric, we show that the condition is equivalent to the fan of X being 2-neighborly.
Introduction
The main purpose of this paper is to prove an analogue of the Lefschetz hyperplane theorem for Mori dream spaces.
Let X be a smooth complex projective variety, and let N 1 (X) be the group of numerical equivalence classes of line bundles on X. Recall from [HK00] that X is called a Mori dream space if Pic(X) Q = N 1 (X) Q (equivalently H 1 (X, O X ) = 0), and X has a finitely generated Cox ring (Definition 1.2). As the name might suggest, Mori dream spaces are very special varieties on which Mori theory works extremely well (see the nice survey article of Hu [Hu05] ). On the other hand, not many classes of examples of them are known. It has been understood for a while that toric varieties are Mori dream spaces; indeed their Cox rings are polynomial rings, Cox's homogeneous coordinate rings [Cox95] . Besides that, it was only proved very recently, in the spectacular paper of [BCHM] , that (log) Fano varieties are also Mori dream spaces. The Cox rings of certain Mori dream spaces have been the focus of much study: see, for example, [BP04] , [STV07] , [SS07] , [CT06] , [Cas07] .
The most prominent feature of a Mori dream space discovered in [HK00] is the existence of a polyhedral chamber decomposition of its pseudo-effective cone; these chambers are known as the Mori chambers. Specifically if L is a line bundle on a Mori dream space X, then its section ring
is finitely generated. Thus the rational map defined by the linear series |L ⊗n |
stabilizes to some rational map
for all large and sufficiently divisible n. Two line bundles L 1 and L 2 are said to be Mori equivalent if φ L 1 = φ L 2 . This equivalence relation naturally extends to Pic(X) Q , and a Mori chamber is just the closure of an equivalence class in N 1 (X) R which has a nonempty interior. It was shown in [HK00] that these Mori chambers are polyhedral and in one-to-one correspondence with birational contractions of X having Q-factorial image.
In this paper, we first define the notion of a Mori dream hypersurface of a Mori dream space. Since the chamber structure plays such a key role in the geometry of a Mori dream space, we propose that what deserved to be called a Mori dream hypersurface should not only be a Mori dream space itself, but should also respect the chamber structure in the following sense: Note that the second requirement in the above definition is satisfied for any smooth projective variety X of dimension ≥ 4 and Y ⊂ X a smooth ample divisor, thanks to the Lefschetz hyperplane theorem. On the other hand, if X = P 1 × P n−1 , then ample divisors Y ⊂ X are generally not Mori dream hypersurfaces. This leads to the question of finding suitable conditions under which a "Lefschetz-type" theorem would hold in the category of Mori dream spaces. We will give one such condition in this paper. Before stating our condition, we give some corollaries: In fact more examples satisfying the conclusion of the above two corollaries can be obtained by a suitable projective bundle construction: see Proposition 8.
Example 4. The simplest example of a space X as in Corollary 2 is a product of general complete intersections in projective spaces. The simplest example of a space X in Corollary 3 other than P n is the blowup of P n along a linear subspace P m for 0 < m < n − 2.
Remark 5. In Corollary 2, the part of the result about the preservation of nef cones has previously been obtained by Hassett- To explain the condition lying behind the above corollaries which allows a Mori dream space to enjoy this Lefschetz-type property for its nef cone and ample divisors, we need to recall the GIT construction of a Mori dream space [HK00, Proposition 2.9], which says roughly that every Mori dream space X is naturally a GIT quotient of an affine variety under an algebraic torus action. More specifically, let V = Spec R where R is a Cox ring of X. Since R is graded by a lattice N in the Néron-Severi space of X, the algebraic torus T = Hom(N, C * ) naturally acts on the affine variety V . Let χ ∈ N be a character of T which corresponds to an ample class in the Néron-Severi space of X. Then Hu and Keel showed that X = V χ T , the GIT quotient constructed with respect to the trivial line bundle on V endowed with a T -linearization by χ. Moreover, this GIT quotient is a good geometric quotient, and the unstable locus V un χ always has codimension ≥ 2 in V . These considerations suggest the following theorem, which we will prove in Section 2:
Theorem 6. Let X be a smooth Mori dream space of dimension ≥ 4, and let V , T , and χ be as above. Assume further that the following condition ( * ) is satisfied:
The unstable locus V This reveals that the neighborliness property of the fan, which is of a combinatorial nature, has a nice GIT interpretation on the corresponding variety side.
Remark 12. We point out that using Proposition 8 (c), one can construct Mori dream spaces which have small unstable locus and also possess a nontrivial small Qfactorial modification [HK00, Definition 1.8]. For example let Z be the blowup of P 4 along a line, and let L 1 be the line bundle corresponding to the exceptional divisor, and L 2 and L 3 be the line bundle corresponding to the pullback of a hyperplane section; then Proposition 8 (c) says that X = P(
) is a Mori dream space which has small unstable locus if m is sufficiently divisible, and one sees that X has a nontrivial small Q-factorial modification since the stable base locus of O X (1) has codimension 3.
Finally, we remark that it would be interesting to clarify the relation between Wiśniewski's [Wiś91, Theorem 2.1] and our Theorem 6.
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Mori dream space as a GIT quotient
In this section we collect some results and set some notations which will be used later, centering around the idea of representing a Mori dream space as a GIT quotient.
We also show in Proposition 1.12 that every Mori dream space has a normal Cox ring. We point out that the important Theorem 1.8 and Theorem 1.9 are taken from [HK00] . 
, the numerical class of L m , for all m ∈ Z r , and we define T L to be the algebraic torus
Definition 1.2. Let X be a projective variety such that Pic(X) Q = N 1 (X) Q . By a Cox ring for X we mean the ring
where L = (L 1 , . . . , L r ) are line bundles which form a basis of Pic(X) Q . Note that the natural
Remark 1.3. Although the definition of Cox(X, L) depends on a choice of basis L, whether or not it is finitely generated is independent of this choice, due to the following well-known fact:
Lemma 1.4. Let R be a Z r -graded commutative ring with identity. For any m ∈ Z r , we denote the subset of R consisting of all degree-m homogeneous elements and 0 as R m , and we define
If R is an integral domain, and the subring R 0 := R (0,...,0) is Noetherian, then the following are equivalent:
Moreover, when this is the case, then R is a finitely generated R (m) -module for any m ∈ Z r . Definition 1.5. We will call X a Mori dream space if X is a normal Q-factorial projective variety with Pic(X) Q = N 1 (X) Q and a finitely generated Cox ring.
Remark 1.6. (a) The condition Pic(X) Q = N 1 (X) Q in the above definition is equivalent to H 1 (X, O X ) = 0. Indeed, taking the cohomology of the exponential sequence 0 → Z → O X → O * X → 0, one obtains the following exact sequence
where NS(X) is the group of algebraic equivalence classes of line bundles on X. By [Laz04, Remark 1.1.20], a class in NS(X) is numerically trivial if and only if it is torsion, in other words N 1 (X) = NS(X) t.f. := NS(X)/(torsion). Thus if we tensor the above sequence with Q, we get 
Proof. Since T acts freely on V 
be a set of regular functions on V whose common zero locus is V where
, and of course the compatibility means
, . . . , ℓ}. As divisors on X, we can write div(b i ) and div(a
where D i , B i and A i are Weil divisors on X such that B i and A i have no common component. Then the compatibility condition translates to the following equality of divisors on X:
Since B i and A i have no common component, we must have A j ≥ A i , and by symmetry A i ≥ A j , thus all the A i 's are the same divisor A. But then we must have A = 0, for otherwise if we take a sufficiently large integer q such that qA is Cartier and O X (qA) is of the form L m , then we see that the common zero locus of {a
has codimension one in V , contradicting the property (i) of Theorem 1.8. Therefore a Proof. By [Dol03, Theorem 8.1], there exists an ample line bundle on X whose pullback under the quotient map π : V ss χ → X equals some tensor power of the T -linearized line bundle which was used to construct the GIT quotient. It follows from this and the condition (iii) of Theorem 1.8 that χ corresponds to an ample class.
Let L be a line bundle on X of the form
On the other hand, since V is normal and V un χ ⊂ V has codimension ≥ 2, we have
, and thus Proof. Let ϕ : V ′ → V be the T -equivariant normalization of V . Since X is normal, it follows that V ss χ is also normal (cf. the second paragraph of the proof of [BH03, Proposition 6.3]), so ϕ is an isomorphism over V ss χ . We want to show that V ′ un
is obvious. For the reverse inclusion, we need to show that if f is a homogeneous regular function on V ′ whose degree is a multiple of χ, then f must vanish on ϕ −1 (V un χ ). By the definition of normalization, f satisfies an integral equation
where the a i 's are homogeneous elements in R whose degrees are multiples of χ. So if we plug in a point p ∈ ϕ −1 (V un χ ) into the above equation, we get f (p) n = 0 since a 0 (p) = · · · = a n−1 (p) = 0, so f vanishes at p as desired.
Since ϕ is an isomorphism over V 
Proof of Theorem 6
Proof of Theorem 6. We need to verify that Y ⊂ X satisfies the three requirements in Definition 1. First, by the Lefschetz hyperplane theorem [Laz04, Example 3.1.24 and Example 3.1.25], the restriction map determines canonical isomorphisms N 1 (X) = N 1 (Y ) and Pic(X) = Pic(Y ). In particular, the second requirement in Definition 1 is satisfied, and Pic(
We pick the basis L to contain the line bundle O X (Y ). Let R = Cox(X, L), and let s ∈ R be the unique (up to constant multiples) section of O X (Y ) whose zero locus is Y . Since Y is irreducible, the ideal sR ⊂ R is a prime ideal, so it defines an irreducible subvariety W ⊂ V . By Theorem 1.8, V 
Therefore Y is a Mori dream space by Theorem 1.9, which verifies the first requirement in Definition 1.
To verify that Y respects the chamber structure, we will use the fact that the Mori chambers coincide with the GIT chambers [HK00, Theorem 2.3]. Suppose χ 1 , χ 2 ∈ N 1 (X) are in the interior of the same Mori chamber of X. Then V
Hence χ 1 and χ 2 are also in the same Mori chamber of Y .
To show that Nef(X) = Nef(Y ), suppose on the contrary that Nef(Y ) Nef(X). Then there exists ν ∈ N 1 (X) which is ample on Y and lies in the interior of some Mori chamber of X not equal to Nef(X). Since ν and χ are both ample on Y , 
(b) By Remark 1.6 (a) we have H 1 (X 1 , O X 1 ) = 0, which implies Pic(X 1 × X 2 ) = Pic(X 1 ) × Pic(X 2 ) [Har77, Chapter III Exercise 12.6], and hence also
, and p i : X 1 × X 2 → X i be the projection map for i = 1, 2. Let L be the basis of Pic(X 1 × X 2 ) Q which consists of p * 1 L 1 and p * 2 L 2 . Then by the Künneth formula we have
Furthermore, since χ = p * 1 χ 1 + p * 2 χ 2 is ample if and only if χ i ∈ N 1 (X i ) are both ample for i = 1, 2, we thus have
hence the result follows.
(c) We will in fact show that if the line bundles L i 's are all of the form L m i where L is a preferred basis, then X := P( k i=1 L i ) is a Mori dream space which has small unstable locus. Let R = Cox(X, L), V = Spec R, T = Hom(N 1 (X, L), C * ), and let χ ∈ N 1 (X, L) be a character of T which corresponds to a sufficiently ample class, to the extent that
and O e X (1), where p : X → X is the projection map. Then
where T 1 = C * is the one-dimensional torus for which [O e X (1)] generates the group of characters.
By Lemma 1.10, we have π
Thus we consider the normal affine variety
(the normality of V follows from Proposition 1.12) with the following T -action: given any (v, a 1 , . . . , a k ) ∈ V and (t, c) ∈ T × C * = T , define
where k is a regular function on V which is homogeneous of degree
χ is the common zero locus of all such functions f x
Note that such ν corresponds to an ample class thanks to our choice of χ in the beginning, and from this it follows easily that
, so in particular this GIT quotient satisfies the property (i) in Theorem 1.8. The action of T on V ss χ is free since L is a preferred basis, hence the action of T on V ss e χ is also free, so in particular the GIT quotient V e χ T satisfies the property (ii) in Theorem 1.8, and the right map in the property (iii) is an isomorphism even before tensoring with Q; to show the left map is also an isomorphism, we will show that O 
But the right-hand side is exactly H 0 ( X, L): indeed since L = p * L ⊗ O e X (d), by the projection formula
Hence the line bundle on X which O Now we can use Theorem 1.9 to obtain that X is a Mori dream space, and then use Lemma 1.11 to conclude that the affine variety V is indeed Spec Cox( X, L), thus completing the proof.
Proof of Proposition 10. It was shown in [Cox95] that in the toric case, the Cox ring R and the unstable locus V un χ have the following explicit description. Let ∆(1) be the set of all one-dimensional cones of ∆. For each ρ ∈ ∆(1), introduce a variable x ρ . Then R is the polynomial ring R = C[x ρ : ρ ∈ ∆(1)], and the unstable locus is the zero locus of an ideal I ⊂ R generated by squarefree monomials. To give these generators of I, let us introduce some notations. For a subset A ⊂ ∆(1), we denote the monomial ρ∈A x ρ as x A , and we write A for the complement of A in ∆(1). For a cone σ ∈ ∆, we let σ(1) = {ρ ∈ ∆(1) : ρ is a face of σ}. 
